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The Viro method is a powerful construction method of real nonsingular algebraic
hypersurfaces with prescribed topology. It is based on polyhedral subdivisions of
Newton polytopes. A combinatorial version of the Viro method is called
combinatorial patchworking and arises when the considered subdivisions are
triangulations. B. Sturmfels has generalized the combinatorial patchworking to the
case of real complete intersections. We extend his result by generalizing the Viro
method to the case of real complete intersections. # 2002 Elsevier Science (USA)
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O. Viro discovered in 1980–1983 a construction method of real
nonsingular algebraic varieties with prescribed topology [19–21, 13, 6]. This
method allowed him [20] to resolve the isotopy classiﬁcation problem of real
nonsingular plane curves of degree 7: Since then, the so-called Viro method
has led to many important results (see, for example, [1, 2, 5, 8–12, 16]) and is
revealed to be much more powerful than the previous method which
basically consists in perturbing, in a controlled way, a union of transversal
real hypersurfaces.
Roughly speaking, the Viro method starts with a convex (or coherent)
polyhedral subdivision fPi; i 2 Ig of a polytope P and a collection f fi; i 2
Ig of real nondegenerate polynomials fi with Newton polyhedra Pi whose
truncations on common faces of Newton polyhedra coincide. Then, a Viro
polynomial f with newton polytope P is deﬁned and Viro’s theorem asserts1This work was done during the post-doctoral position of the author at the University of
eneva (Switzerland).
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F. BIHAN178that the topology of the real hypersurface Zð f Þ deﬁned by f can be
recovered by gluing together pieces of the real hypersurfaces Zð fiÞ:
The above hypersurfaces are naturally embedded in the toric projective
varieties associated with their Newton polytopes. The Viro method provides
a link between topology of real algebraic varieties and toric varieties (see
[6]). A particular and important case of the Viro method is called the
combinatorial patchworking (see, for example, [6, 8, 9, 17]). It arises when the
considered subdivision is a triangulation whose set of vertices corresponds
precisely with the set of monomials of the fi’s. In this case, the topology of
Zð f Þ is explicitly recovered from the triangulation and the collection of
monomial signs appearing in the fi’s.
The Viro method has been adapted for the construction of singular
varieties by Shustin [15, 16] and for the construction of planar vector ﬁelds
by the same author together with Itenberg [11]. In 1994, Sturmfels [17]
generalized the combinatorial patchworking to the case of real complete
intersections. The main result of this paper (Theorem 2.1) extends the
previous one of Sturmfels by generalizing the Viro method to the case of real
complete intersections.
The paper is divided into two sections. The ﬁrst one is devoted to the
presentation of the Viro method for real hypersurfaces (Theorem 1.1). It
follows largely the exposition given in [13]. In the second section, we
describe the generalization of the Viro method to the case of real complete
intersections (Theorem 2.1).
1. VIRO’S THEOREM FOR HYPERSURFACES
In this paper, we denote by Rn (resp. Rþ; Rnþ) the set of real numbers x
such that x=0 (resp. x50; x > 0) and by Cn the set of nonzero complex
numbers. An integer point of Rn is a point with integral coordinates. A
polytope will be a convex polytope with integer vertices in Rn:
The toric variety XP associated with a set P ¼ fw0; . . . ;wsg of integer
points in Rn is the Zarisky closure of the image of the map
gP : ðCnÞn ! CPs; x ! ðxw0 : 	 	 	 : xwsÞ
(most deﬁnitions and results related to toric varities which are given here can
be found in [6, Chaps. 5, 6, 8 and 11], see also [13]). Let P ¼ convðPÞ be the
convex hull of P: If G is a face of P (we shall write G5P), then XG\P may be
embedded as a toric subvariety of XP and, reciprocally, any toric subvariety
of XP arises in this way. The real part RXP of XP is just its intersection with
the real projective space RPs: If P has full dimension n then RXP is a
compactiﬁcation of the real torus ðRnÞn:
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P (we abusively confuse a monomial xw with the corresponding integer
point w in Rn). Then f is identiﬁed with a linear form on XP and thus deﬁnes
a hypersurface f f ¼ 0g of XP: The set of zeroes of f in RXP is denoted by
ZPð f Þ; or simply Zð f Þ if P is the set of monomials of f : The real
hypersurface ZPð f Þ is the image of fx 2 ðRnÞn; f ðxÞ ¼ 0g in the
compactiﬁcation RXP: The truncation of f on a face G of P is the
polynomial f G obtained from f by keeping only those of its monomials (with
coefﬁcients) which belong to G \P: The intersection of ZPð f Þ with a toric
variety RXG\P embedded as above in RXP is the hypersurface ZG\Pðf GÞ:
The polynomial f is said to be nondegenerate with respect to P (or simply
nondegenerate if the Newton polytope Nðf Þ :¼ convðMð f ÞÞ of f coincides
with P) if f and any truncation of f on a face of P deﬁne a nonsingular
hypersurface in ðRnÞn:
The moment map associated with P is the map f : ðCnÞn ! P deﬁned by
fðxÞ ¼
Ps
i¼0 jxwi jwiPs
i¼0 jxwi j
:
If P has dimension n; then the restriction of f to ðRnþÞn is a diffeomorphism
onto the interior of P: Suppose now that P is contained in the positive
orthant ðRþÞn and let Rn ’ ðZ=2Þn denote the group generated by the
symmetries of Rn with respect to the coordinate hyperplanes. Let us extend
the previous restriction of f to a map *f : ðRnÞn ! Pn; where Pn ¼S
e2Rn eðPÞ; by the rule *fðeðzÞÞ :¼ eðfðzÞÞ: If P has dimension n; then *f
induces, for any e 2 Rn; a diffeomorphism between eððRnþÞnÞ and the interior
of eðPÞ and can be extended to a homeomorphism c between RXP and the
space CP deﬁned in the following proposition.
Proposition 1.1 (see Risler [13], Gelfand et al. [6, Chap. 11, Theorem
5.4]). The space RXP is homeomorphic to the space CP obtained from P
n by
identifying, for any face G of Pn and any integer vector ða1; . . . ; anÞ orthogonal
to G; the face G with its symmetric image eðGÞ; where e 2 Rn is defined by
eðz1; . . . ; znÞ ¼ ðð1Þa1z1; . . . ; ð1Þan znÞ:
The preceding homeomorphism c :RXP ! CP induces a homeomorph-
ism between RXG\P and CG for any G5P: We shall say that such a
homeomorphism is stratified (in Theorems 1.1 and 2.1).
Let us deﬁne the notion of charts of a polynomial. Let f be a polynomial
in R½x1; . . . ; xn: We call chart of f associated with P the image CPð f Þ of
*fðfx 2 ðRnÞn; f ðxÞ ¼ 0gÞ in CP: In the rest of this paper, the chart CPð f Þ
will be associated with P ¼Mð f Þ if P ¼ Nð f Þ; otherwise the choice of P
will be clear from the context. A chart CPð f Þ is obtained by gluing together
F. BIHAN180in CP the charts C
e
Pð f Þ :¼ *fðfx 2 eððRnþÞnÞ; f ðxÞ ¼ 0gÞ  eðPÞ for e 2 Rn:
We reserve the notation CþP ð f Þ for the chart CePð f Þ situated in the positive
orthant (i.e. given by e ¼ id). Any e 2 Rn induces a homeomorphism
between CePð f Þ and CþP ðf 8 eÞ: This property will allow us to restrict
ourselves to the positive orthant when studying a chart CPð f Þ: The
following two properties are also important.
Remark 1.1.
(1) If G5P; then CPð f Þ \ CG ¼ CG\Pðf GÞ:
(2) If f G is nondegenerate with respect to G (which is the case when, for
example, f is nondegenerate with respect to P), then the chart CPð f Þ
intersects CG transversally.
Consider now a polynomial
ftðxÞ ¼
X
w2P
awt
nðwÞxw;
where the aw’s are real numbers, t is a real parameter and n is an integer-
valued application deﬁned on P: Such a polynomial is called an (afﬁne) Viro
polynomial. Assume that its Newton polytope P ¼ convðPÞ has dimension n:
The goal in the present section is to describe the topology of ZðftÞ  RXP
for t > 0 sufﬁciently small.
Let Pˆ  ðRþÞn  R be the convex hull of #P ¼ fðw; nðwÞÞ; w 2 Pg and let
G be the lower part of the boundary of Pˆ; i.e. the union of compact faces of
f0g  Rþ þ Pˆ (where 0 denotes the origin of Rn). By taking images of faces
of G by the projection p :Rn  R! Rn; we obtain a polyhedral subdivision
t of P with vertices in P: The part G is the graph of a continuous convex
function gn : P ! R which is afﬁne on any polytope of t but nonafﬁne on the
union of any two different n-dimensional polytopes of t: Polyhedral
subdivisions of polytopes obtained in this way are called convex (sometimes
the terms coherent or regular are also employed).
If f denotes the polynomial obtained from ft by setting t ¼ 1; we suppose
that for each polytope F of t; the truncation f F of f is nondegenerate.
We can glue together the charts CeF ðf F Þ for F 2 t and e 2 Rn in order to
form a hypersurface C in CP:
Theorem 1.1 (Viro). For t > 0 sufficiently small, the polynomial ft is
nondegenerate and there exists a stratified homeomorphism RXP ! CP
sending ZðftÞ to C:
Proof (following Risler [13]). Multiplying fTðxÞ by a power of T if
necessary, we can suppose that fTðxÞ is a polynomial in R½x;T  with Newton
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Cþ :¼ C \ ðRþÞn:
The projection p realizes a homeomorphism between G and P which sends
G \ Cþ
Pˆ
ðfT Þ to Cþ: Indeed, for any face Fˆ of G; if F ¼ pðFˆÞ and ðw1; . . . ;
wnÞ !
P
ajwj þ b is the afﬁne application coinciding with gn on F ; then we
have
f FˆT ðxÞ ¼ Tbf F ðyÞ ð*Þ
with y ¼ ðTa1x1; . . . ;Tan xnÞ: Therefore, p realizes a homeomorphism
between Cþ
Fˆ
ðf FˆT Þ and CþF ðf F Þ: It remains to see that G \ CþPˆ ðfT Þ (resp. Cþ)
is obtained by gluing together the charts Cþ
Fˆ
ðf FˆT Þ (resp. CþF ðf F Þ) for F 2 t:
The chart Cþ
Pˆ
ðfTÞ is transversal (in the stratiﬁed sense) to G: Indeed, using
ð*Þ we obtain that the nondegeneracy of the f F ’s implies that of the f FˆT ’s and
therefore Cþ
Pˆ
ðfTÞ intersects each face Fˆ of G transversally.
The chart Cþ
Pˆ
ðfTÞ intersects the chart CþPˆ ðT  tÞ of the polynomial T  t
(associated with #P) transversally for t > 0 small enough. This is because
Cþ
Pˆ
ðfTÞ intersects G transversally and for t ! 0 the chart CþPˆ ðT  tÞ
converges to G in the sense that for any xt 2 CþPˆ ðT  tÞ converging to x 2
G; the limit of the tangent hyperplane of Cþ
Pˆ
ðT  tÞ at xt contains the face of
G passing through x (see also [6] where Cþ
Pˆ
ðT  tÞ is described as the graph
of a continuous function yt : P ! R which is smooth everywhere outside the
boundary of P and such that yt converges uniformly to gn for t ! 0).
We can now use [14, Proposition 1.4.7] in order to construct a vector ﬁeld
on a neighbourhood of G in Pˆ which is transversal to G and tangent
to Cþ
Pˆ
ðfTÞ: It provides an isotopy between CþPˆ ðfT Þ \ C
þ
Pˆ
ðT  tÞ 
Cþ
Pˆ
ðT  tÞ and Cþ
Pˆ
ðfTÞ \ G  G for t > 0 small enough. It remains to see
that the image by p of Cþ
Pˆ
ðfTÞ \ CþPˆ ðT  tÞ is isotopic to C
þ
P ðftÞ in P: ]
2. VIRO’S THEOREM FOR COMPLETE INTERSECTIONS
Consider a system of Viro polynomials in R½x1; . . . ; xn:
fi;tðxÞ ¼
X
w2Pi
awt
niðwÞxw; i ¼ 1; . . . ; k:
Let P denote the pointwise sum P1 þ 	 	 	 þPk: The convex hull of P is
the Minkowsky sum P ¼ P1 þ 	 	 	 þ Pk where Pi ¼ convðPiÞ is the Newton
polytope of fi;t: If ftðxÞ :¼
Qk
i¼1 fi;tðxÞ; then we obviously have MðftÞ ¼ P
and thus P ¼ NðftÞ:
Assume that P has full dimension n and deﬁne XP1;...;Pk as the Zarisky
closure of the image of the map
gP1  	 	 	  gPk : ðCnÞn ! XP1  	 	 	  XPk  CPs1  	 	 	  CPsk :
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si of the image of gi:) Using the Segre
embedding of CPs1  	 	 	  CPsk into the projective space CPs; we obtain a
toric isomorphism between XP1;...;Pk and XP [6, Chap. 8, Proposition 1.4].
Composing this isomorphism with the natural toric projection XP1;...;Pk !
XPi for each i ¼ 1; . . . ; k; we obtain surjective toric maps ri : XP ! XPi
sending RXP onto RXPi : In such a situation, if f is a real polynomial such
thatMð f Þ  Pi; we deﬁne the hypersurface ZPð f Þ of RXP to be the inverse
image of ZPið f Þ by ri: The hypersurface ZðftÞ coincides then with the union
of the hypersurfaces ZPðfi;tÞ: The goal in this section is to describe the
topology of ZðftÞ  RXP; i.e. of the k-tuple ðZPðf1;tÞ; . . . ;ZPðfk;tÞÞ in RXP
for t > 0 small enough.
Denote for i ¼ 1; . . . ; k by Pˆi the convex hull of fðw; niðwÞÞ; w 2 Pig; Gi
the lower part of the boundary of Pˆi; gni : Pi ! R the function with graph Gi
and ti the polyhedral subdivision of Pi obtained by projecting faces of
Gi using the projection p :R
n  R! Rn: Denote by Pˆ the Minkowsky sum
Pˆ1 þ 	 	 	 þ Pˆk and by G the lower part of its boundary. The polytope Pˆ is the
convex hull of #P ¼ fðw; nðwÞÞ; w 2 Pg; where n :P! Z is the function
deﬁned by nðw1 þ 	 	 	 þ wkÞ ¼ n1ðw1Þ þ 	 	 	 þ nkðwkÞ; wi 2 Pi; which is well
deﬁned if P is considered as a multiset of cardinality equal to the product of
the cardinalities of the Pi’s. Denote by gn : P ! R the (continuous convex)
function with graph G: By taking the images of faces of G by p; we obtain a
polyhedral subdivision t of P with vertices inP: Each face Fˆ of G is uniquely
written as a Minkowsky sum Fˆ ¼ Fˆ1 þ 	 	 	 þ Fˆk; where Fˆi is a face of Gi: By
projecting to P; we obtain a representation of each polytope F of t as a
Minkowsky sum F ¼ F1 þ 	 	 	 þ Fk; where Fi is polytope of ti: Later we
shall refer to this representation when writing F ¼ F1 þ 	 	 	 þ Fk for a
polytope F of t: We make the following two assumptions.
(1) For all i ¼ 1; . . . ; k and all polytope Fi of ti; if fi denotes the
polynomial obtained from fi;t by setting t ¼ 1; then the truncation f Fii is
nondegenerate (we make the assumption of the preceding section for each
polynomial fi;t).
(2) The k-tuple of functions ni is sufﬁciently generic in the sense
described in [17]: for any polytope F of t; the sum F ¼ F1 þ 	 	 	 þ Fk is a
direct sum, i.e. dimðFÞ ¼ dimðF1Þ þ 	 	 	 þ dimðFkÞ:
Under assumption (2) the subdivision t is called a tight coherent mixed
subdivision in [17]. Tight coherent mixed subdivisions are related with
coherent subdivisions by a polyhedral version of the Cayley trick due to
Sturmfels [18]. Namely, in the previous situation, coherent mixed subdivi-
sions of P (with vertices in P) are in one to one correspondence with
coherent polyhedral subdivisions of the Cayley embedding CðP1; . . . ;PkÞ 
Rk1  Rn (see [7]).
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integer points in Rn and f be a real polynomial with Mð f Þ Fi for some
i 2 f1; . . . ; kg: Set Fi ¼ convðFiÞ and F ¼ convðFÞ: If the Minkowsky sum
F ¼ F1 þ 	 	 	 þ Fk is a direct sum then, for any e 2 Rn;
CeF ð f Þ ¼ CeFið f Þ þ eðF  FiÞ;
where CeF ð f Þ (resp. CeFið f Þ) is the chart of f associated with F (resp. Fi) and
F  Fi :¼ F1 þ 	 	 	 þ Fi1 þ Fiþ1 þ 	 	 	 þ Fk:
Proof. The sum of the Fi’s being direct, each element w 2F is uniquely
written as w ¼ w1 þ 	 	 	 þ wk with wi 2Fi: This fact implies easily f ¼
f1 þ 	 	 	 þ fk; where f (resp. fi) is the moment map associated with F
(resp.Fi). We can make a change of cooordinates in R
n in order to identify
Rn with Rn1  	 	 	  Rnk in such a way that for all i ¼ 1; . . . ; k the afﬁne space
Ai of dimension ni supporting Fi is sent to R
ni : The space of variables
ðx1; . . . ; xnÞ 2 Cn whose exponents describe Ai \ Zn is then identiﬁed with
C
ni and the moment map f becomes the product application ðCnÞn1  	 	 	 
ðCnÞnk 2!f1			fk F1  	 	 	  Fk; where the target is identiﬁed as usual with the
direct sum F1 þ 	 	 	 þ Fk: That gives the result in the positive orthant, and
thus in the other orthants. ]
With the same hypotheses as in Proposition 2.1, we note the following two
facts.
Remark 2.1. The previous identiﬁcations lead to a toric isomorphism
between XF1  	 	 	  XFk and XF1;...;Fk : The surjective toric map XF ! XFi
coincides via this isomorphism with the standard projection XF1  	 	 	 
XFk ! XFi and the hypersurface ZFð f Þ is sent to RXF1  	 	 	  RXFk
where RXFi has been replaced by ZFið f Þ:
Remark 2.2. Suppose that f is nondegenerate with respect to Fi:We have
already seen (Remark 1.1) that CFið f Þ intersects CG transversally for any
G5Fi: It follows then from Proposition 2.1 that CF ð f Þ intersects CG
transversally for any G5F : This can also be obtained directly from Remark
1.1 by noting that the nondegeneracy of f with respect to Fi implies that of f
with respect to F (translating F ; or some Fj ; by an integer vector if necessary,
we can see Fi as a face of F ; such a translation does not affect CF ð f Þ).
For each i ¼ 1; . . . ; k; we can glue together in CP the charts CeF ðf Fii Þ for
F ¼ F1 þ 	 	 	 þ Fk 2 t and e 2 Rn in order to form an hypersurface Ci in CP:
Theorem 2.1. For t > 0 sufficiently small, the polynomials fi;t are
nondegenerate and there exists a stratified homeomorphism RXP ! CP
sending for each i ¼ 1; . . . ; k the hypersurface ZPðfi;tÞ to Ci:
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that each fi;T is a polynomial in R½x;T  with Newton polytope Pˆi: Then fT is
a polynomial in R½x;T  with Newton polytope Pˆ: It sufﬁces to restrict
ourselves to the positive orthant. We set Cþi :¼ Ci \ ðRþÞn for i ¼ 1; . . . ; k
and Cþ :¼ Ski¼1 Cþi :
The projection p realizes a homeomorphism between G and P sending
G \ Cþ
Pˆ
ðfi;T Þ to Cþi for i ¼ 1; . . . ; k; and thus G \ CþPˆ ðfTÞ to Cþ (here and in
what follows, charts indexed by Pˆ; Fˆ and F are associated with #P; #P \ Fˆ and
P \ F ; respectively). Indeed, consider a polytope F ¼ F1 þ 	 	 	 þ Fk of t: Let
Fˆ (resp. Fˆi) be the face of G (resp. Gi) which projects to F (resp. Fi) by p: If
an (resp. ani ) designes the afﬁne application R
n ! R coinciding with gn (resp.
gni ) on F (resp. Fi), then ani  an restricted to Fi is a constant application
identically equal to ci; and, if anðxÞ ¼
P
ajxj þ b; we obtain
f Fˆii;Tðx;TÞ ¼ Tciþbf Fii ðyÞ ð*Þ
with y ¼ ðTa1x1; . . . ;Tan xnÞ: Consequently, the projection p realizes a
homeomorphism between CFˆðf Fˆii;TÞ and CF ðf Fii Þ: It remains to see that G \
Cþ
Pˆ
ðfi;TÞ (resp. Cþi ) is obtained by gluing together the charts CFˆðf Fˆii;TÞ (resp.
CF ðf Fii Þ) for F 2 t:
For i ¼ 1; . . . ; k; the chart Cþ
Pˆ
ðfi;T Þ intersects G transversally. Indeed, in
ð*Þ; the nondegeneracy of f Fii implies that of f Fˆii;T (with respect to Fˆi).
Therefore, the polynomial f Fˆii;T is nondegenerate with respect to Fˆ (see
Remark 2.2) and the chart Cþ
Pˆ
ðfi;T Þ intersects Fˆ transversally.
Since the chart Cþ
Pˆ
ðT  tÞ converges to G in the sense described in
the proof of Theorem 2.1, we also obtain that for i ¼ 1; . . . ; k the chart
Cþ
Pˆ
ðfi;TÞ intersects CþPˆ ðT  tÞ transversally for t > 0 small enough.
The charts Cþ
Pˆ
ðfi;TÞ intersect transversally on G since, by Proposition 2.1,
this is the case for the charts CF ðf Fii Þ in each F 2 t; which implies that the
same holds for the charts Cþ
Fˆ
ðf Fˆii;T Þ in each face Fˆ of G:
To summarize, in a neighbourhood of G in CP; the chart C
þ
Pˆ
ðfTÞ is the
transversal union of the charts Cþ
Pˆ
ðfi;TÞ: Moreover, it intersects G and Cþ
PˆðT  tÞ transversally for t > 0 small enough. Therefore, we can again use
[14, Proposition 1.4.7] in order to obtain an isotopy between Cþ
Pˆ
ðfTÞ \
Cþ
Pˆ
ðT  tÞ and Cþ
Pˆ
ðfTÞ \ G sending CþPˆ ðfi;T Þ \ C
þ
Pˆ
ðT  tÞ to Cþ
Pˆ
ðfi;TÞ \ G for
i ¼ 1; . . . ; k: It remains to see that the image by p of Cþ
Pˆ
ðfi;TÞ \ CþPˆ ðT  tÞ is
isotopic to CþP ðfi;tÞ in P for i ¼ 1; . . . ; k: ]
Note that Theorem 2.1 implies that, for t > 0 sufﬁciently small, the
hypersurfaces ZPðfi;tÞ intersect transversally. The fact that Theorem 2.1
generalizes Theorem 5 in [17] follows from Proposition 2.1 and the following
property (see [6, Chap. 11, Example 5.7]. If f is a real ðn þ 1Þ-nomial whose
Newton polytope is a n-simplex s (thus vertices of s are in one to one
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associate to each vertex of s the sign of the corresponding monomial
coefﬁcient, the chart Cþs ð f Þ is homeomorphic to a hyperplane section of s
which separates vertices with the sign  from those with the sign þ:
The generalization due to Sturmfels of the combinatorial patchworking to
the case of real complete intersections is applied in [3] (see also [17] for
another example of application). Namely, for i ¼ 0; 1 and any given positive
integer m; let bi;m denote the maximal value of the Betti numbers biðXmÞ ¼
dim HiðXm;Z=2Þ taken over the set of nonsingular surfaces Xm of degree m
in RP3: It is shown, using the Viro method, the existence of real numbers c0
and c1 such that bi;m is asymptotically equivalent for m ! þ1 to ci 	 m3:
The inequalities
13
36
4c04
5
12
and
13
18
4c14
5
6
are then obtained using the method of construction presented in [17] in the
case of the intersection of two surfaces in RP3:
The generalization of the Viro method described in the present paper has
been applied by the author [4] in order to extend the previous results of [3]
for hypersurfaces in any projective space RPn:
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